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The reaction rate in gas-solid systems can be affected by mechanical stresses that 
arise as the reaction proceeds. Stresses develop due to differences between precursor and 
product molar volumes and thermal expansion coesficients. Experimental evidence on 
the interaction of reaction rate and mechanical stress for the Ti/N, and Ti/O, systems 
is provided. A detailed and consistent mathematical model is developed for the reaction 
taking place at the constrained precursor/product inteface. An elastic formulation for 
the stresses is adopted, and stress generation due to mismatches in linear thermal expan- 
sion coeficients and equivalent volume (Piling-Bedworth ratio) for the precursor and 
product are considered. The effect of surface enetgy, which becomes significant for 
particle sizes below 1 p m ,  is also included in the model. Both experimentally and theo- 
retically, conditions exist where the mechanical stresses exceed the strength of the mate- 
rial, leading to mechanical breakdown of the product layer, thus causing a d i s c o n t ~ u i ~  
in the observed reaction rate. The entire processing history, including the reaction, tem- 
perature, and pressure profiles, plays an important role in determining the olrerall reac- 
tion kinetics of the powder. 

Introduction 

Gas-solid powder reaction systems play a fundamental role 
in modern industry. Typical examples where a solid product 
is formed, include (Kubaschewski and Hopkins, 1962; Pigford 
and Sliger, 1973; Szekely et al., 1976): 
Roasting of sulfide ores: 

Reduction of iron oxide: 
4FeS2(,, + 110,(,, -+ 2Fe203(s) +8S02,,, 

SO2 scavenging by CaO: CaO(,) +SO,(,, + CaSO,(,, 
Nitridation of metallic powders: 
Oxidation of metallic powders: 

The gaseous reactant (also the gaseous product, if it exists) 
has to diffuse through the product layer. This aspect has been 
the focus of many studies. Several reaction models were de- 
veloped to describe this type of reaction system, such as the 
shrinking core model (Levenspiel, 1972), the crackling core 
model (Park and Levenspiel, 19751, the grain model (Sohn 

3Si,,, + 2N2(,, 4 Si3N4(,) 
Ti,,, + O,(,, + TiO,(,, 

Correspondence concerning this article should be addressed to H. Rode 

and Szekely, 19721, the porous pellet model (Ishida and Wen, 
19681, and in the field of metal oxidation, the parabolic law 
(Wagner, 1933) and the logarithmic law (Cabrera and Mott, 
1949). In general, the precursor and product do not have the 
same molar volumes. Consequently, stresses develop in the 
solid particle as the reaction proceeds. Pilling and Bedworth 
(1923) first addressed this issue in the field of metal oxida- 
tion. They defined a ratio, named after them, that represents 
the volume of product formed compared to the volume of 
precursor from which it was formed. In this work we will use 
the Pilling-Bedworth ratio in a sense wider than metal oxida- 
tion. Selected values of Pilling-Bedworth ratios are shown in 
Table 1. Whenever conversion of the precursor to product 
takes place at the constrained precursor/product interface 
(Figure 1) and the Pilling-Bedworth ratio deviates from 1, 
growth stresses develop. While this ratio provides a qualita- 
tively correct prediction of the occurrence of stresses, the full 
description is much more complicated, and even today is not 
fully understood. 

Metallic powders have many applications, for example, as 
precursors for the combustion synthesis of ceramic powders 
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Table 1. Pilling-Bedworth Ratios and Colors of Different 
Oxide and Nitride Phases of Ti 

System PBR Color 
Ti0 1.20 Golden yellow, dark brown 

Ti 0, - Black 
Ti,O, 1.46 Dark violet 

Blue 
TiO, 1.73 White, red, brownish black, yellow 
TiN 1.09 Gold 

Ti,O, - 

(Munir and Anselmi-Tamburini, 1989). High-purity ultrafine 
powders (Zhu et al., 1992) synthesized in plasma or flame 
reactors, for example, Ta, Mo, and W powders, find increas- 
ing applications in powder metallurgy. These powders are 
initially very reactive and adsorb significant gaseous impuri- 
ties, which leads to a deterioration of their desircd proper- 
ties. Although the oxidation of metals has been investigated 
for a long time, many aspects of the process, especially re- 
garding the generation of stresses, remain controversial, as 
summarized in reviews by Douglas (1969), Stringer (19701, 
and Taniguchi ( 1  985). This situation holds even more so for 
powder materials, which exhibit many important differences 
if compared to macroscopic bodies. First, powders have high 
surface/volume ratios, and second, they have very small radii 
of curvature. Many investigators have addressed aspects per- 
taining to stress generation under conditions applicable to 
powders: Manning (1981) considered curvature; Romanski 
(1969a, 1969b) addressed the influence of surface/volume ra- 
tio and size and shape; Rozenband and Vaganova (1992) de- 
veloped an ignition model for metallic powders, which takes 
the development of stresses into account in a simplified way. 

Stresses are also important in other gas-solid reaction sys- 
tems. In fact, whenever the shrinking core model with a solid 
product is applicable and the Pilling-Bedworth ratio is not 1, 

Figure 1 

1236 

Reaction process showing the precursor/ 
product and productlgas interfaces. 

stresses will arise during the course of the reaction. Stresses 
can even arise when the Pilling-Bedworth ratio is close to 
unity due to different thermal expansion coefficients of the 
solid precursor and product phases. When the stresses ex- 
ceed the strength of the material, the product layer will crack 
or undergo stress relief by some other mechanism. This point 
is acknowledged by the mathematical models that have been 
developed for the case when the product layer loses its im- 
pervious nature, for example, the crackling core model (Park 
and Levenspiel, 1975). Szekely et al. (1976) commented on 
the deleterious effects of swelling and cracking, for example, 
during the reduction of iron ores in furnaces. The reduction 
of iron oxide by carbon monoxide or hydrogen has been ex- 
tensively studied (Kawasaki et al., 1962; Brill-Edwards et al., 
1969). Brill-Edwards et al. (1969) found that extensive crack- 
ing occurred when hematite (Fe,O,) was reduced to mag- 
netite (Fe,O,) due to the intrinsic volume change during the 
phase change. They found that disintegration of the pellets 
occurred purely from thermal and chemically induced 
stresses. Recently Pigeon and Varma (1993) took the expan- 
sion of the product layer into account during their quantita- 
tive analysis of silicon nitridation. 

Thus we see that many workers have addressed the genera- 
tion of stresses in gas-solid powder reaction systems in an 
approximate manner. However, a consistent and general 
model that describes the development of stresses in gas-solid 
powder systems and predicts when the product layer will lose 
its impervious nature is still lacking. Therefore, the goal of 
this article is to provide a consistent treatment of stress de- 
velopment in gas-solid reaction systems that form a non- 
porous solid product where the reaction takes place at the 
constrained precursor/product interface. We describe the 
process up to the point where the stresses exceed the strength 
of the material. Then some stress relief mechanism has to 
take place-it could be plastic flow, cracking and spalling of 
the product layer, or a variety of other mechanisms. 

The article consists of two major sections. In the first part 
we provide experimental evidence regarding the existence of 
stresses in powdcr systems and show how they can affect 
powder behavior. “As received” Ti powders were aged in air 
to increase the initial oxygen content, and in nitrogen to in- 
crease the initial nitrogen content. The powder samples were 
analyzed in a simultaneous thermogravimetric-differential 
thermal analyzer (TGA/DTA). Further analytical procedures 
included oxygen/nitrogen analysis, BET surface area deter- 
mination, scanning electron microscopy (SEM), X-ray diffrac- 
tion (XRD), and sedimentation particle size analysis. Then a 
consistent mathematical formulation is developed for the de- 
scription of stresses in gas-solid powder reaction systems. The 
model is formulated in the broadest possible terms. The ther- 
moelastic model accounts for the generation of stresses due 
to the Pilling-Bedworth ratio and different thermal expansion 
coefficients of the precursor core and product shell. An en- 
ergy balance is developed so that nonisothermal effects can 
be included when the equations are integrated in time. The 
contribution of surface energy to the resulting stress distribu- 
tions is also incorporated into the model. We show how the 
powder can evolve depending on the entire processing history 
that it experiences. Important factors in the processing his- 
tory include the ambient temperature and pressure, any tem- 
perature trends, and the reaction rate. The theoretical results 
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Table 2. Evolution of Ti Powder Properties 

Surface 
Oxygen Nitrogen Area 

Powder [mass %I [mass %I [m2/k4 Color 
Nisso: 30 p m  < d p  < 150 pm, d, = 67 prn 

“As received” 0.07 0.00 100 Silver 
“Oxidized 1” 0.48 0.01 260 Bright violet 
“Oxidized 2” 1.40 0.07 400 Bluish gray 
“Oxidized 3” 6.70 0.35 720 Brownish gray 
“Nitrided 1” 0.15 0.69 114 
“Nitrided 2” 0.16 2.86 111 
“Nitrided 3” 0.18 6.31 116 

“Converted to TiN’ 0.41 18.5 123 Gold 
Micron Metals: 16 p m  < d, < 41 pm, d, = 24 p m  

“As received” 0.12 0.00 140 Si!ver 

The powders were aged in pure N, between 600 and 700”C, 
while the conversion to TIN experiment was conducted at 
900°C. Prepurified nitrogen, minimum purity 99.998%, 0, < 5 
ppm, H,O < 3 ppm, and extra dry oxygen, minimum purity 
99.6%, H,O < 10 ppm were used as the pure gas supplies 
(Cryogenic Supply, Buffalo, .NY). 

Results 
A summary of the Nisso and Micron Ti powder properties 

is given in Table 2. It is interesting to consider the evolution 
of oxygen content, nitrogen content, and BET surface area of 
the powders that were aged in oxygen and nitrogen. The sur- 
face area of the Micron powder increased by a factor of about 
2 during oxidation, while the Nisso powder surface area in- 
creased by a factor of 7. Both powders exhibited only modest 
increases in surface area when aging was conducted under 
nitrogen. Even after conversion to TIN, both powders re- “Oxidized 1” 0.46 0.02 170 Golden brown 

“Oxidized 2” 1.30 0.09 200 Blue 
“Oxidized 3” 2.90 0.12 260 Blue mained close to their original surface areas. This phe- 

nomenon is coupled to the Pilling-Bedworth ratio for the dif- 
ferent systems (Table 1). For oxides that form on Ti, the “Nitrided 1” 0.18 0.28 170 

“Nitrided 2” 0.19 0.87 161 
“Nitrided 3” 0.20 4.58 177 Pilling-Bedworth ratio is significantly larger than 1, while the 

Pilling-Bedworth ratio for TIN is only 1.09. Thus we antici- 
pate that large growth stresses will develop when Ti is oxi- “Converted to TiN” 0.17 19.8 129 Gold 

are compared to experiments performed on various Ti pow- 
ders. 

Experimental Evidence 
Apparatus and procedure 

A simultaneous TGA/DTA (model ST-736, Harrop Indus- 
tries, Columbus, OH) was used to evaluate the reactivity of 
the Ti powders. The detailed experimental procedure has 
been described elsewhere (Rode and Hlavacek, 1994). Two 
Ti powders were tested: Ti sponge powder (Nisso), -100 
mesh, 99.8% purity (Nisso powder received from Metallwerk 
Plansee, Reutte, Austria) and Ti sponge fines powder (Mi- 
cron), -325 mesh, 99.4% purity (Micron Metals, Salt Lake 
City, UT). Sedimentation particle sizes were evaluated (model 
CAPA-700, Horiba Instruments Inc., Irvine, CAI. The Nisso 
and Micron powders have average sedimentation particle size 
diameters of 67 p m  and 24 pm, respectively. 

The BET surface area (model 2300, Micromeritics Instru- 
ments Corp., Norcross, GA) and oxygen and nitrogen con- 
tents (model TC-436, LECO Corp., St. Joseph, MI) were also 
evaluated. These powder properties are shown in Table 2. 
SEM (model S-800, Hitachi, Gaithersburg, MD) and XRD 
(model Nicolet with STOE data acquisition, Philips, Mah- 
wah, NJ) analyses were conducted on representative samples. 

In order to study the effect of oxygen content, the two 
powders were aged in a box-type muffle furnace (Blue M 
Electric Co., Blue Island, IL) in an air atmosphere. Although 
formed in air, the developing scale was essentially an oxide, 
with the oxygen content 20-40 times higher than the nitrogen 
content (Table 2). The aging temperature was 400°C in the 
case of the “oxidized 1”and “oxidized 2”powders, and 520°C 
in the case of the “oxidized 3” powder. Aging under pure 
nitrogen was conducted in a tube furnace (Lindbergh, Water- 
town, WI) in order to study the effect of nitrogen content. 

dized, which may lead to failure of the protective oxide layer 
and a corresponding increase in surface area. 

The SEM micrographs that are shown in Figures 2 and 3 
are in agreement with the surface-area measurements. Com- 
paring the “oxidized 3” Nisso powder (Figure 2b) to the “as 
received” case (Figure 2a), we observe that the oxide layer 
cracked and in fact formed several layers. The upper part of 
SEM is at 400 X magnification, while the bottom represents a 
further 5 X .  The cracking and spalling that took place are 
especially clear on the bottom enlargement. The thickness of 
the cracked oxide layer is approximately 2 pm. On inspec- 
tion of Figures 3a and b we observe no such cracking for the 
Micron powder, which explains why the surface area of the 
Micron powder only increased by a factor of 2. Figures 2c 
and 3c reveal that no discernible cracking occurred in the 
“nitrided 3” Nisso and Micron powders even though the two 
powders contained similar amounts of nitrogen as the 
“oxidized 3”powders contained oxygen. Only after almost full 
conversion to TiN (Figures 2d and 3d) can we discern hair- 
line cracks in the nitride film. These results clearly show how 
the development of growth stresses, which are system depen- 
dent, can affect the resulting morphology of the powder. 

A protective oxide layer can change the oxidation and igni- 
tion behavior of gas-solid reaction systems such as metallic 
powders dramatically (Rode and Hlavacek, 19941, as shown 
in Figure 4 where the DTA output (a positive DTA output 
signifies a heat release in the sample) is plotted vs. tempera- 
ture. The experiment was conducted in pure oxygen for the 
Micron “as received” and “oxidized 3” powders. The “as re- 
ceived” powder underwent a gradual transition from passivity 
to the ignited state at approximately 500°C. The “oxidized 3” 
powder, which had a relatively thick, protective oxide layer 
(cf. Table 2 and Figure 3b) did not undergo any oxidation 
until approximately 600”C, when a step change took place. At 
that temperature the oxide layer cracked due to growth 
stresses and thermal expansion coefficient mismatches. With 
the exposure of a fresh, unreacted Ti surface to pure oxygen 
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Figure 2. SEM micrographs of Nisso Ti powder at dif- 
ferent stages of oxidation and nitridation. 
(a) “As received.” (b) “Oxidized 3.” (c) “Nitrided 3.” (d) 
Converted to TiN. Magnification: 400x for the upper part 
and further 5x  for the lower. 

at such a high temperature, ignition occurred in a step change, 
and the resulting exotherm was extremely large. The exotherm 
has been cut off for the sake of presentation, but it should be 
pointed out that in less than 3 s (the sampling frequency) the 
temperature increased from approximately 600°C to greater 
than the melting point of Ti (1660”C), and the sample was 
melted. The Ti powders that were aged in nitrogen were sub- 
jected to similar ignition tests. In all cases the ignition oc- 
curred gradually, and no sudden step-change transition to 
combustion was observed for the previously nitrided pow- 
ders. This provides further evidence of the underlying differ- 
ences between the oxygen- and nitrogen-based films on tita- 
nium. 

The XRD measurements showed some interesting trends. 
The “as received” powders exhibited strong Ti peaks. How- 
ever, the oxidized powders had much weaker Ti peaks. In the 
“oxidized 3” Nisso powder (but not the “oxidized 1” and 
“oxidized 2” powders) TiO, peaks were also observed. Even 
the “oxidized 3” Micron powder did not exhibit TiO, XRD 
peaks. The “nitrided 3”powders showed Ti,N peaks in addi- 

Figure 3. SEM micrographs of Micron Ti powder at dif- 
ferent stages of oxidation and nitridation. 
(a) “As reccivcd.” (b) “Oxidizcd 3.” (c) “Nitrided 3.” (d) 
Converted to TIN. Magnification: 400 X (upper) and 2,000 x 
(lower ). 
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Figure 4. DTA curves of ignition behavior of “as re- 
ceived” and “oxidized 3” Micron Ti powder. 
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tion to Ti peaks, while the powders converted to TiN showed 
strong cubic TiN peaks. 

Information regarding different titanium oxide phases can 
also be obtained from the colors of the oxidized powders. 
Data compiled by Samsanov (1973) on the colors of different 
titanium oxide phases are presented in Table 1. These should 
be compared to the colors reported in Table 2 for the oxi- 
dized Ti powders. The colors of the oxidized Ti powders were 
vivid, and it is likely that Ti,O,, Ti,O,, and TiO,, and possi- 
bly also TiO, phases are present in the oxidized powders at 
various stages. This is important, because the lower oxide 
phases of Ti have lower Pilling-Bedworth ratios, which would 
result in lower growth stresses. It is also interesting to note 
that the colors exhibited by the Nisso and Micron powders 
were different. 

Another surprising result is that the oxide film on the Mi- 
cron powder was more resistant to mechanical breakdown 
than that on the Nisso powder. One would expect the Micron 
powder, which has a smaller average particle size than the 
Nisso powder, and thus a higher curvature, to develop larger 
growth stresses. This, in turn, should lead to a more rapid 
breakdown of the Micron oxide film. An explanation for this 
phenomenon rests in the purity and nature of the two pow- 
ders. Tylecote (1960) conducted experiments on the oxidation 
of copper and nickel of different purities and found that this 
factor played an important part in determining the adher- 
ence of the oxide scale. He also showed that the kind of im- 
purity (silicon and phosphorous were tested) affected the oxi- 
dation process differently. 

Theoretical Analysis 
A general noncatalytic gas-solid reaction system may be 

represented by 

where a gas A and a solid precursor B react to yield a solid 
product P. Powder particles tend to be irregular (cf. Figures 
2 and 3), but in this study the idealization is made that the 
solid precursor powder consists of an ensemble of spherical 
particles. The focus of our model is on an individual particle 
contained within the powder bed. The location of the reac- 
tion interface is of importance. Three categories can be de- 
fined, where the first two are simple and the third represents 
a complex reaction mechanism: 

The precursor is transported outward, and the reaction 
occurs at the product/gas interface, for example, AI/Al,O, 
(Kubaschewski and Hopkins, 1962). 

2. The oxidizing gas is transported inward, and the reac- 
tion occurs at the constrained precursor/product interface, 
for example, Ti/TiO, (Kofstad, 1962). 

3. A more complex reaction mechanism occurs. The reac- 
tion can take place throughout the product layer, for exam- 
ple, Fe/FeO (Dunnington et al., 1952; Pfeil, 1929). Another 
example of a complex mechanism is the oxidation of Ta, where 
Pawel and coworkers (1963) reported that in addition to the 
oxidation of Ta to Ta,O, in the product layer, significant 
dissolution of oxygen also occurred in the underlying precur- 
sor metal. This led to embrittlement and volume expansion, 
which created stresses. The work by Manning (l981) offers a 
suggestion for the treatment of such systems. 

1. 

In this work we consider the second case, that is, the case 
in which reaction takes place at  the constrained 
precursor/product interface. Several such systems exist be- 
yond Ti/TiO,, for example, the reduction of hematite ore 
(Fe,O,) to magnetite (Fe,O,) (Brill-Edwards et al., 1969) and 
the nitridation of silicon powder (Pigeon and Varma, 1993). 
Thus, the reaction takes place on the outer surface of the 
solid precursor core, and a shell of solid product is formed 
around it. The gaseous reactant penetrates the solid product 
layer. It should be emphasized that this gaseous reactant is 
completely general, and represents not only oxygen but also 
nitrogen, sulphur-containing gases, and halogens. Calculation 
of the oxidation rate is complex. Cabrera and Mott (1949), 
Kubaschewski and Hopkins (1962), Fromhold (1976), and 
Kapila and Plawsky (1993) reported ways to calculate the re- 
action rate during the oxidation of metals. Rode et al. (1992) 
calculated the oxidation rate of metallic powders employing a 
fundamental mechanism involving transport due to diffusion 
and electric field. Kinetic expressions have been developed 
for many other gas-solid reaction systems, for example, the 
reduction of iron ore by carbon monoxide (Park and Leven- 
spiel, 1975) or the conversion of Si powder to Si,N, (Pigeon 
and Varma, 1993). Such details are beyond the scope of the 
present work, and to keep the analysis general, we describe 
the reaction rate, 4 (kmol/s), in general terms. The practi- 
tioner is free to choose from data provided in the litera- 
ture for any given system that is applicable. 

In general, the volume of solid product is different than 
the volume of consumed solid reactant. This phenomenon was 
first described by Pilling and Bedworth (1923) in the field of 
metal oxidation, but the concept is generally valid and will be 
used in a wider sense in this article. Whenever the Pilling- 
Bedworth ratio deviates from 1 (cf. Table 1) and the reaction 
takes place at the constrained precursor/product interface, 
growth stresses will occur. The Pilling-Bedworth ratio (PBR) 
can be defined as 

The growing solid product that is described in Reaction 1 
is modeled as a symmetric s,pherical shell of uniform radius r 
with outer and interface geometries S , ( r )  and S J r ) ,  respec- 
tively, as shown schematically in Figure 1. 

A detailed analysis of the time and space scales of the en- 
ergy balance, presented in the Appendix, shows that an indi- 
vidual particle in the ensemble will be isothermal. Therefore, 
the temperature of the particle varies in time only due to 
heat exchange with its surroundings and heat generation due 
to the chemical reaction. 

The mathematical formulation is governed by the following 
specific assumptions: 

1. The solid substrate and the solid product are isotropic 
and linearly elastic materials. 

2. The temperature of the system is time-dependent and 
can change due to heat exchange with the surroundings and 
the heat released by the chemical reaction. 

3. Although there is no spatial variation of temperature 
in the system, thermostresses are present due to different 
thermal expansion properties of the two solids and the 
Pilling-Bedworth ratio. 
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4. The solid core and the solid product are in perfect 
physical contact at the precursor/product interface. The in- 
terface preserves distinguishable properties of both solids. 

5. The gaseous reactant permeates the solid product, and 
the reaction (Eq. 1) with the solid precursor is limited to the 
precursor/product interface. 

Mathematical formulation 
Thermoelastic Stress Equations. The stress distribution as- 

sociated with the growing solid film around a spherical parti- 
cle due to chemical reaction is symmetrical with respect to 
the center. As a result of this symmetry, there are three 
nonzero stress components: the radial component a,,, and 
two angular components, a,, and aqq. Since these stress 
components are only functions of the radial distance, r ,  only 
the equilibrium condition in the radial direction has to be 
taken into account (Boley and Weiner, 1960; Timoshenko and 
Goodier (1987)). The equilibrium equation in the radial di- 
mension is 

(3 )  

E C ,  E C2 E 
aAT.  (11) 

= (1-2v) 3 + rn 13 - 0 
Reaction. The reaction represented by Eq. 1 where a gas 

A and a solid B yield a solid product P takes place only at 
the interface between the two solids (Figure 1). Since the 
precursor particle is in the form of a spherical particle, the 
reaction rate, (b (kmol/s), can be expressed as follows 

(12) 

At the same time a shell of solid product P is created around 
the particle so the reaction rate of Eq. 1 with respect to the 
solid product P can be expressed as follows, according to the 
stoichiometry: 

P P  . 
(bp = --%. 

Pn 
(13) 

All symbols are defined in the Notation section. 
The equilibrium conditions in the 6’ and cp directions are 

identically satisfied. It can be shown easily that the angular 
stress components a,, and aqq are identical. The stress- 
strain relations for isotropic materials obeying Hooke’s law 
are 

Boundary Conditions. The general solution (Eqs. 9 to 11) 
applies to the precursor core and the product shell. The 
boundary conditions for the spherical precursor core and the 
surrounding product shell of the single particle reaction sys- 
tem are 

1. At the center point there is no radial displacement due 
to symmetry: 

(4) uI,=o = 0. (14) 

(5) 2. The outer surface is subject to compressive stresses due 
to external gas pressure and large positive surface curvature: 

1 
E,@ = ,[us, - v ( u ~ ,  + uqP)]+ aAT.  

The strains are related to the displacements as 

d U  
Err = - 

dr ’ 

Eee = €qq = - . 
U 

r 

(6) 

(7) 

Substituting these relations (Eqs. 4 to 7) into the equilibrium 
equation (Eq. 3) and assuming that there is no temperature 
variation in a space, the displacement formulation is ob- 
tained: 

The general solution of this equation is 

(8) 

(15) 

The surface energy y was discussed by Murray and Carey 
(1989). For their application this term was not important. 
However, for powder materials where the particle size can 
easily be smaller than 1 p m  (Zhu et al., 1992), the curvature 
becomes extremely large, and the surface energy term has to 
be retained. The effect of surface energy on the stress distri- 
bution for surfaces with high curvature has been discussed by 
Kingery et al. (1976). They reported that for Al,O,, employ- 
ing a surface energy of 0.9 J/m2, a pressure difference of 360 
atmospheres was observed over the interface for a particle 
diameter of 0.1 pm. Surface energies of metals are well doc- 
umented (Wawra, 1976; Israelachvili, 1992; Kristyan and 01- 
son, 1991) and generally vary between 1 and 5 J/m2. Values 
for nonmetallic solids such as oxides and nitrides tvpicallv .. . 
vary between 0.5 and 3 J/m2 (Kingery et al., 1976; Barsoum 

u = C,r + - c2 and Ownby, 1981), although such data are much scarcer than 
for the corresponding metal. Another important factor is the 
effect of surface contamination on the surface energy of a 

From the strain-displacement relations (Eqs. 6 and 7) and compound. Gngery et al. (1976) reported that additions of 
Hooke’s law (Eqs. and the nonzero stress components oxygen or sulphur as small as 0.05% to liquid iron decreased 
can be written as the surface tension by 35%. They reported that the same is 
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Table 3. Material Parameters for Ti/TiO, at 300 K 

Property Value Reference 
Young Modulus [Pa] 

E m  104 x 109 Samsonov (1968) 
E,, 283 x lo9 Lackey et al. (1987) 

Density [kg/m3] 
Pm 4500 Incropera and DeWitt (1985) 
Po 1 4250 Lackey et al. (1987) 

Molecular weight [kg/kmol] 
Mm 47.9 Samsonov (1968) 
M ,  I 79.9 Samsonov (1973) 

Thermal expansion coeficient [ 1/K] 
am 9 . 2 ~  Incropera and DeWitt (1985) 
ff"r 8 . 0 ~  Samsonov (1973) 

Poisson ratio 
"m 0.36 Samsonov (1968) 
V, r 0.28 Lackey et al. (1987) 

Surface energy [J/m2 I 
Ym 2.6 Kristyan and Olson (1991) 
*/, " 2.6 Estimate 
. "X  

Compressive strength [Pal 
U" I 657 X lo6 Samsonov (1968) c , r n  

-,,ox 245 x lo6 Samsonov (1973) 

UI,?7l 316 X lo6 Samsonov (1968) 
U 1 , O X  55 x 106 Samsonov (1973) 

C 522 Incropera and DeWitt (1985) 42 710 Incropera and DeWitt (1985) 

k m  21.9 Incropera and DeWitt (1985) 
k O X  8.4 Incropera and DeWitt (1985) 

Tensile strength [Pa] 

Heat capacity [J/kg/K] 

Thermal conductivity [W/m/K] 

true of the effect of oxygen on solid metal, carbide, and ni- 
tride surfaces, and that this aspect may account for discrep- 
ancies that exist in the reported literature values. In light of 
this discussion it was decided to use the metal surface energy 
for the metal as well as its corresponding nonmetal surfaces 
in this model. This should not introduce significant error to 
the results given that we are seeking qualitative agreement 
with the experiments. The other properties were obtained 
more easily from Incropera and DeWitt (19851, Samsonov 
(1968), and Samsonov (1973), and are shown in Table 3 for 
the Ti/TiO, system. 

3. There is a discontinuity in the stress field at the inter- 
face between the solid core and the solid product due to the 
large surface curvature of the interface: 

4. The solid precursor and product are in perfect contact 
at the interface: 

Energy Balance. Consider an ensemble of unconsolidated 
particles brought into contact with a gas. As the reaction be- 
tween a solid B and a gas A takes place, the gas deficit cre- 
ates a negative pressure gradient in the bed of particles, and 
a flow of gas through the void space can be established. A 
single solid particle is subjected to energy released by chemi- 
cal reaction as well as to heat exchange by interacting with 
other particles in the ensemble and with the surrounding gas. 
Inside a solid particle the heat flow is due to a conduction 
mechanism that requires a temperature gradient as a driving 
force. As explained in the Appendix, considerable tempera- 
ture gradients should not occur within a solid-powder parti- 
cle. The energy-balance equation for a single particle that 
contains an accumulation term for both solids, a source term 
as the reaction thermal effect on the interface, and a term 
for heat exchange with the surroundings, is expressed as fol- 
lows: 

where m represents the mass of solid, Cp is heat capacity, 
(- A H )  stands for the heat of reaction, h is the heat transfer 
coefficient, and S,(t) = 4 a R 3 t )  represents the external sur- 
face area of the particle. The mass of the two solids is stoi- 
chiometrically correlated at any point in time by 

A 
(19) 

where R ,  is initial radius of particle, R i ( t )  is the radius of 
interface, and p stands for density. 

Estimation of the heat transfer coefficient for a single par- 
ticle in an ensemble of loose particles is based on a channel- 
ing model proposed by Kunii and Suzuki (1967) for Reynolds 
numbers as low as and since the extremely large sur- 
face area gives rise to rapid attainment of thermal equilib- 
rium in the system, 

where i is the particle shape factor, E is the porosity of the 
bed, and Nu, Re, and Pr represent the Nusselt, Reynolds, 
and Prandtl numbers, respectively. The adjustable parameter 
in the model, 6 ,  is a measure of channel length in particle 
diameters. 

The stress equilibrium equation is steady 
state because the stress relaxation time is much smaller than 
any other time scale in the process (Thiart et al., 1991). How- 
ever, the overall problem is transient in nature. This time 
dependency is due to changes in body dimensions and accu- 
mulation of residual stresses as the reaction progresses. Ad- 
ditional nonlinearity is introduced since the surface energy 
depends on body curvature. The stress field is calculated as a 
superposition of stresses arising on the interface due to the 

Solution Method. 
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mismatch in densities of a precursor and a product of the 
reaction (q', and G&), and stresses created as a result of 
changes in surface energy and external loads (q'; and q:). 
Since the analytical form of the stress field is known (Eqs. 10 
and l l) ,  the problem boils down to determining the constants 
C ,  and C ,  for the precursor core and the product layer by 
matching the proper boundary conditions (Eqs. 14 to 17). 
Satisfying the boundary condition, Eq. 14 for the precursor 
core requires the constant C ,  to be identically equal to zero. 
This simplifies the problem and limits the number of con- 
stants to be found to three. 

The calculation procedure starts with a pure stressless pre- 
cursor core. In the domain (0 I r I R,) a specified number 
of points are set. At an initial time ( t  = 0) the system under- 
goes elastic deformation due to external gas pressure, and 
minimization of its surface energy. At the next moment in 
time (t" = t" - '  + At") a thin shell of precursor core is con- 
sumed. According to Eq. 12, the thickness of consumed pre- 
cursor shell is 

&At. MB 
4 r R 2  ( t 1 p B  

ArB = (22) 

At the same time, a corresponding shell of solid product is 
formed around the solid core. The thickness of the reacted 
precursor and formed product shells are stoichiometrically 
related: 

P P M P  PB 
A r p = - -  ATB, 

PP P B M B  
(23) 

where the ratio (( PpMP)/pp)/(  p B / (  PBMB)) can be identi- 
fied as the Pilling-Bedworth ratio. 

The system is not isothermal. Information regarding tem- 
perature changes is determined by solving the energy bal- 
ance. After necessary substitutions and rearrangements the 
energy balance equation transforms as follows: 

- ( - A H ) ~ B + 4 r R ~ ( t " ) h ( T " - T , ( t " ) ) = 0 .  (24) 

Equation 24 is a first-order differential equation that is 
solved using the explicit Euler time integration routine. Since 
the precursor and the product of the reaction show different 
thermal expansion behavior, changes in temperature create 
thermostresses that are included in our analysis. 

The necessity to match the difference in volume creates 
elastic deformation of the precursor solid core and of the 
solid product shell. Since the consumption of precursor and 
the creation of solid product progresses due to the reaction, 
the incremental stress buildup takes place at every time step. 
The incremental stresses are computed by omitting external 
pressure and effects of surface energy at the interface and 
outer surface: 

and updated positions of interface and outer surface: 

Using the definition of radial displacement (Eq. 91, radial 
stress (Eq. lo), consumption of solid core due to the reaction 
(Eq. 22), creation of solid product (Eq. 23), the positions of 
the interface (Eq. 28) and outer (Eq. 29) surfaces, the incre- 
mental stress formulation can be expressed as follows: 

X 

This quite arduous set of nonlinear equations is solved with 
respect to the constants C (C,,,  and i = 1, 2; j = P, B )  using 
the Newton-Raphson method. Incremental stresses and dis- 
placements are calculated at every point in the domain, and 
the stress field and spatial coordinates of each point in the 
domain are updated. 

Next, an additional stress field due to external pressure 
and surface energy in the boundary conditions (Eqs. 15 to 17) 
is superimposed on the solution (u,; and qi). This stress 
field is not cumulative, unlike stress due to the growth of the 
oxide layer, but it is time-dependent since the boundary con- 
ditions are 

(34) 
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and 

These equations can be rewritten in the same manner as 
was done in the case of the cumulative stress to obtain 

C2,P 

R',(t + A t ) +  C, , ,Rb( t  + A t ) +  
R',(t + A t ) *  

(39) 

The set of Eqs. 38 to 40 is solved iteratively, using the New- 
ton-Raphson method. 

The total stress field (qr and qe) found at every time step 
is calculated according to the following summation, which in- 
cludes the additive stresses Cur: and %:> created as a result 
of the progress of the reaction and unmatched thermal ex- 
pansion coefficients, and the nonadditive stresses ( IT:; and 
IT;;) obtained due to surface energy and external pressure: 

Since the domain is time-dependent, the position of every 
point in space has to be updated at each time step: 

n 

r ( t n )  = C u'(to + A t i ) +  ~ " ( t " ) .  143) 
i = O  

Results 
Stress results employing the detailed stress formulation are 

shown in this section for several representative case studies. 
We have used the properties of bulk oxide materials that are 
generally available, in contrast to properties measured specif- 
ically for product films. Existing evidence suggests, however, 
that the mechanical properties of growing product layers will 
differ from those of the corresponding bulk materials (Brad- 
hurst and Llewelyn Leach, 1963; Hollox and Smallman, 1965). 
Therefore a sensitivity analysis is also conducted to establish 
how the stress distributions change when parameters like the 

Figure 5. Stress distributions for TiO,, TIN, and MgO for 2% conversion of the original particle radius. 
(a) a,, vs. dimensionless radius, and (b) uwr vs. dimensionless radius. 
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Pilling-Bedworth ratio (PBR) and the elastic modulus (E) are 
varied. 

Stress distributions are plotted in Figure 5 for three sys- 
tems with representative Pilling-Bedworth ratios: TiO, (PBR 
= 1.76), TIN (PBR = 1.09), and MgO (PBR = 0.79). The 
stresses are plotted against a dimensionless radius for 2% 
consumption of the particle by radius. Thus the reaction front 
is positioned at 0.98 while the outer radius has changed from 
1.00 in different directions depending on the value of the 
PBR. In the case of TiO, the outer radius has increased, for 
TIN it has essentially remained constant, while for MgO it 
has actually decreased due to a PBR smaller than 1. This 
phenomenon is indicated by the colored boxes in Figure 5a 
and b. It is important to realize that the locations of both 
interfaces are time-dependent: the precursor/product inter- 
face due to the traveling reaction front and the product/gas 
interface due to the generation of growth stresses. The 
Ti/TiN system exhibits relatively small stresses in both the 
radial and tangential directions as would be expected due to 
the PBR, which is almost neutral (close to 1). The stresses in 
the Ti/TiO, and Mg/MgO systems differ qualitatively. In the 
Mg/MgO system the radial stresses are tensile, while they 
are compressive in the Ti/TiO, system. The radial and tan- 
gential stresses are constant and equal in the precurser core. 
Therefore the tangential stress in the Mg core is tensile, while 
it is compressive in the Ti core. The MgO product layer is 
contracted, and hence the tangential stress becomes com- 
pressive. The TiO, shell is expanded, and very large tensile 
stress is experienced in the product shell in the tangential 
direction. This stress substantially exceeds the tensile strength 
of TiO, (cf. Table 31, and in reality the oxide layer would 
have failed before an oxide layer of this thickness could be 
obtained. These results are consistent with the SEM micro- 
graphs shown in Figures 2 and 3 for the Ti/TiN and Ti/TiO, 
systems. 

The stress evolution is shown for the Ti/TiO, system in 
Figure 6 as a function of conversion for a particle size of 1 
pm. Both the radial and tangential stresses increase rapidly 
as the reaction front moves through the particle, and the tan- 
gential stress exceeds the tensile strength of the material by 
such a large factor even at relatively small conversion that 
mechanical failure of the product layer would certainly be 
observed. There is an intricate balance in place here-thicker 
oxide layers are chemically more resistant, which leads to a 
slower reaction rate as the reaction front progresses, but are 
under greater stress (Figure 61, which increases the probabil- 
ity that mechanical failure will occur. At low temperatures 
the oxidation of Ti typically follows the logarithmic law 
(Kubaschewski and Hopkins, 1962), and growth es2entially 
stops after a product layer thickness of about 100 A is ob- 
tained. Such a thickness is too thin for the development of 
stresses large enough to lead to mechanical failure. At higher 
temperatures, however, the reaction continues and eventually 
sufficiently thick product layers will result in the mechanical 
degradation of the film, as shown in Figure 2. 

The blocks in the figures are shown to emphasize pictori- 
ally how the particle actually “swells” up due to the stress 
development, and in fact both interfaces represent moving 
boundaries. When the precursor core radius has decreased 
by lo%, the overall particle radius has expanded by approxi- 
mately 5% as shown in Figure 6. The stresses lead to overall 
compression of the oxide layer when the PBR is larger than 
1, and the actual volume of the oxide layer is smaller than if 
the layer were to grow under stress-free conditions. This ef- 
fect has been reported theoretically by Murray and Carey 
(1989) for the case of Si oxidation in trenches for electronics 
applications and experimentally by Marcus and Sheng (1982). 

The effect of the Pilling-Bedworth ratio on the stress dis- 
tribution is shown in Figure 7. Ti can form various oxide 
phases in the presence of oxygen. Although TiO, is the most 

Figure 6. Stress profile vs. degree of conversion for the Ti/O, system. 
(a) mr, vs. dimensionless radius, and (b) a,, vs. dimensionless radius. 
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Figure 7. Effect of the Pilling-Bedworth ratio on the Ti/O, system for 2% conversion of the original particle radius. 
(a) ur, vs. dimensionless radius, and (b) %'se vs. dimensionless radius. 

favorable phase under engineering conditions, some of the 
lower oxides would result in lower stresses due to smaller 
Pilling-Bedworth ratios (Table 1). In that sense mechanical 
stresses create a driving force for the formation of such lower 
oxide phases. Figure 7 shows that a decrease in the Pilling- 
Bedworth ratio due to formation of a lower oxide leads to 
significantly lower stresses both in the radial and tangential 
directions. From the magnitude of the resulting stresses it is 
clear that the stress distribution should also be taken into 
account when the formation of different phases is considered 
from a thermodynamical point of view. This point has been 
discussed by Li (1978) and by Larche and Cahn (1985), and 
although still somewhat controversial, is gaining acceptance. 
The matter is complicated even further because there is a 
coupling with nonstoichiometric defects-the formation of 
substoichiometric oxide phases-because the formation of 
such phases raises the yield stress of titanium dioxide (Hollox 
and Smallman, 1965). Hirthe and Brittain (1963) also found 
that the steady-state creep rate in rutile increased rapidly as 
the defect concentration increased, suggesting a lowering of 
the elastic modulus. 

It is important to study the effect of the elastic modulus, 
E,  on the resulting stress distribution for several reasons. 
Modulus E is strongly temperature dependent and in general 
decreases significantly with increasing temperatures 
(Samsonov, 1973). In addition, growing product layers have 
been known to behave very differently compared to behavior 
expected for a bulk material. The research on the AI/AI,O, 
system by Bradhurst and Leach (1963) demonstrates the point 
well. These authors characterized the system with three types 
of measurements and consistently found that for alumina 
films the ultimate tensile strain was 3% compared to 0.07% 
for the bulk material ( 4 0 ~  larger), the elastic modulus was 
10 X smaller than for the bulk oxide, and the ultimate strength 

was 5 X higher than for the bulk oxide. Therefore it is likely 
that a value for the elastic modulus significantly smaller than 
the bulk oxide value may be applicable to the product layers 
under consideration. The effect of decreasing E is shown for 
the Ti/TiO, system in Figure 8. Decreasing E by an order of 
magnitude, as suggested by the experience of Bradhurst and 
Leach (1963), decreases the magnitude of the radial and tan- 
gential stresses approximately by an order of magnitude as 
well, which would lead to the formation of a much thicker 
product film before the occurrence of mechanical failure. 

The effect of particle size on the stress distribution is shown 
in Figure 9 for particles of 1.0, 0.1, and 0.01 pm. Such small 
particle sizes have specialized applications (Zhu et al., 1992). 
Consider the radial stress distribution that is plotted in Fig- 
ure 9a against dimensionless radius for the three particle 
sizes. There is a discontinuity at the precursor/product inter- 
face (radius = 0.98) due to the effect of surface energy. For 
the largest particle size this effect is hardly noticeable, and it 
is clear that the surface energy can be neglected for particle 
sizes above 1 pm. However, the surface energy plays a domi- 
nant role in ultrafine powders with particle sizes very much 
smaller than 1 pm. This fact is borne out by the differences 
in the profiles shown in Figure 9a and b. Without taking the 
contribution of surface energy into account, the three curves 
in each graph would have been identical. The surface energy 
tends to create larger compressive stresses in the radial direc- 
tion and smaller tensile stresses in the tangential direction. 
The contribution of surface energy also creates the nonzero 
radial stress at the product/gas interface. This effect has been 
reported experimentally: Kingery et al. (1976) reported that 
for M,O, powder of particle size 0.1 pm a pressure differ- 
ence of about 360 atmospheres was observed over the prod- 
uct/gas interface. 

The effects of nonisothermal processing are shown in Fig- 
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ure 10 for four different cases, each corresponding to 2 mass 
% conversion of Ti to TiO, and for an initial particle size of 
1 pm. In all cases the initial temperature is 298 K. In the 
legend for the four cases in Figure 10, To is the initial tem- 
perature, i", is the temperature after the reaction period, and 
T, is the temperature after additional thermal treatment 
without further reaction. The reaction rate is constant in the 
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period spanning To to T I .  The base case, which consists of an 
isothermal processing history at 298 K, is represented by the 
solid line in Figure 10. The dashed line represents a non- 
isothermal reaction starting at 298 K and terminating at 600 
K followed by cooling down to 298 K. The dotted line con- 
sists of an isothermal reaction at 298 K, followed by heating 
without further reaction to 600 K. The dotted-dashed line 
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1.01 

consists of a nonisothermal reaction up to 600 K, followed by 
a cool-down period to 298 K. Significant differences can be 
observed for the different cases in spite of the fact that the 
thermal expansion coefficients for the metal and oxide are 
very similar (9.2X vs. 8 . 0 ~  respectively). Many 
systems have much larger differences between the precursor 
and product expansion coefficients, and consequently much 
larger stresses would develop due to the thermal and process- 
ing history that such systems experience. Prediction of the 
overall behavior further depends on the ratio of the product 
and precursor thermal expansion coefficients-here the metal 
has a slightly larger coefficient than the product-often the 
product value would be larger and opposite trends to those 
shown in Figure 10 would be exhibited. As anticipated, the 
two cases that have final temperatures of 600 K have larger 
volumes than the cases with final temperatures of 300 K. Be- 
cause the precursor core has a larger thermal expansion coef- 
ficient than the product shell, heating expands the core more 
than the product shell, leading to higher compressive stresses 
in the radial direction and larger tensile stresses in the tan- 
gential direction. Comparing the dotted and dotted-dashed 
lines, that is, those cases that experienced thermal cycling af- 
ter reaction, we notice opposite trends in the tangential stress 
distributions at the precursor/product interfaces. In the case 
of the dotted-dashed line that corresponds to cooling, the 
precursor core would naturally contract more than the prod- 
uct shell for these thermal expansion coefficient values. How- 
ever, there is perfect contact at the precursor/product inter- 
face, which tends to “pull” the metal core out and the 
product shell in. Therefore the product material at the pre- 
cursor/product interface experiences a displacement that is 
smaller than it would be naturally, and hence there is a dis- 
continuity in the compressive direction. The opposite argu- 

ment applies to the dotted line case, which was heated up 
after reaction. 

The results shown in Figure 10 show clearly that the proc- 
essing history, especially the interaction of reaction and tem- 
perature profiles, is extremely important for such systems. 
Thus it is apparent that powders from different sources that 
have similar measurable properties such as particle size, BET 
surface area, oxygen content, and purity, may behave differ- 
ently in ways that defy superficial explanation. A possible ex- 
ample is provided by McCauley et al. (1981) who attempted 
to correlate Zr powder burn times (PBR(Zr/ZrO,) = 1.56, 
aZr = 5.9 X cyzro, = 8.2 x 1K6). These authors could 
not find satisfactory correlations between powders from dif- 
ferent sources by taking the traditional physical properties 
into account. Another example where the thermal history of 
the material is of great importance, both scientifically and 
technologically, is in the oxidation of Si to form SiO, films 
for electronic applications as reported recently by Soleimani 
and Philipossian (1993). These authors reported that temper- 
ature ramping led to thermal stresses that affected the over- 
all reaction kinetics; hence they proposed an empirical two- 
step oxidation theory to model the process. 

In this study we assumed that the materials behave elasti- 
cally. This assumption is good at low temperatures, and for 
dense bodies. However, plastic deformation becomes more 
important at higher temperatures. An interesting treatment 
that goes beyond the elastic formulation, is that of Murray 
and Carey (1989) who modeled SiO, as a compressible fluid 
with an extremely high viscosity. 

In a review Douglas (1969) reported that because oxides 
are in general more voluminous than the underlying metals 
from which they are synthesized (PBR > l), the oxide film is 
in compression and the metal substrate is in tension. In this 
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work we showed that due to the geometry encountered in 
powder materials the opposite trend holds, namely that the 
metallic core is under compression in both the radial and 
angular directions, while the oxide is under compression in 
the radial direction, but under large tension in the angular 
direction. 

Summary and Conclusions 
In this article we presented experimental evidence on the 

existence of mechanical stresses in noncatalytic gas-solid sys- 
tems. We showed that the stresses can become very large, 
leading to mechanical breakdown of the product layer, thus 
changing the overall reaction kinetics of the solid particle in 
a steplike fashion. 

Subsequently a consistent and general mathematical for- 
mulation was developed for the description of the stress evo- 
lution during a reaction. The model employs an elastic for- 
mulation and accounts for stresses due to volume mismatches 
between the precursor core and product shell as well as dis- 
similar thermal expansion coefficients. The contribution of 
surface energy to the stress profiles, important for particle 
sizes smaller than 1 pm, was also included. 

Qualitative agreement was obtained between our mathe- 
matical formulation and the experimental evidence. The pos- 
sibility of stress relief mechanisms such as plastic deforma- 
tion should also be considered. In addition, a paucity of data 
dictated that bulk properties were used in the model. There 
is evidence that the properties of the growing product layer 
may be substantially different from bulk values, which com- 
plicates quantitative modeling. 

We showed that the overall processing history, including 
the whole temperature, pressure, and reaction profiles that 
the particle experienced, can be a very important factor in 
giving apparently similar powders significantly different stress 
distributions, which could lead to vastly different behavior in 
terms of the overall reactivity. 

In this article we developed the stress formulation in depth 
while simply describing the reaction rate by 4 (kmol/s). In 
the next article the calculation of the reaction rate will be 
addressed on a fundamental level. The fundamental descrip- 
tions of transport and stress generation will then be coupled 
to yield a complete, consistent description of the overall par- 
ticle reactivity. 

Notation 
d, =sedimentation particle size (m) 
k =thermal conductivity (J/m/s/K) 

M =molecular weight (kg/kmol) 
P =atmospheric pressure (Pa) 
r =radial coordinate (m) 
S =surface (m2) 
u =displacement (m) 

Greek letters 
a =thermal expansion coefficient (I/K) 

E =strain 
r )  = conversion 
0 =angular coordinate 
K =thermal diffusivity (m2/s) 
u =Poisson ratio 

= stoichiometric coefficient 

T =time scale (s) 
4 =angular coordinate 
,y = dimensionless spatial coordinate 

=dimensionless temperature 

Subscripts and superscripts 
cond =conduction 

A =gaseous reactant 
B = solid precursor 
i = precursor/product interface 

P =solid product 

o = product/gas interface 
s =surrounding 

100 =complete conversion 

ref =reference 
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Appendix: Scaling Analysis for Energy Balance 
In this article we deal primarily with the generation of 

stresses in gas-solid reaction systems, yet it is important to 
consider the time and space scales of the energy balance of 
an individual particle in an ensemble of powder particles. The 
heating effects associated with the reaction and heat ex- 
change with the surroundings may be appreciable and condi- 
tions could exist where the particle is no longer isothermal. 
In order to check this we have to investigate the transient 
energy balance in the reacting particle. 

Transient heat conduction in spherical coordinates (r-de- 
pendence only) with constant properties, is described by: 

(Al) -=K-- dT r2- ”,). 
at r 2  d r  

The following space scales are employed in the precursor core 
and product shell, respectively, to render Eq. A1 dimension- 
less (Figure 1): 

r 
precursor core: x = - 

R, 
r - Ri 

x = m .  product shell : 

The following conduction time scales are obtained in the two 
regions: 

R? 
precursor core: T, , , ,~ ,~  = - 

K B  

( R * -  R , ) ~  R; product shell: Tcond,p - - <<--. (A3) 
K P  KP 

Typical powder particle sizes vary between 1 and 100 pm. 
For this size range, relaxation of Eq. A1 occurs in the order 
of microseconds to milliseconds for Ti metal using K = 9.32 
x 

Thus it is entirely reasonable to assume that conduction 
through the precursor core and the product shell will follow 
any disturbances imposed by heat generation due to chemical 
reaction or heat exchange with the surroundings instanta- 
neously. 

Next let us analyze any temperature gradients that will be 
present in the particle due to heat exchange with the sur- 
roundings (at R,)  and the heat source/sink due to chemical 
reaction (at Ri). The ratio of heat losses to conduction for 
the product layer is given by the Biot number, where it is 
assumed that heat losses occur by a typical convective mecha- 
nism described by a heat loss coefficient, h: 

m2/s (Incropera and DeWitt, 1985). 
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h ( R ,  - Ri)  estimate of the Damkohler number can be made through the 
following procedure, which assumes (b remains constant. 

From Eqs. A5 and A6 the Damkohler number for the pre- 
cursor core can be written as 

(A4) Bip = 
k ,  

The ratio of heat generation due to chemical reaction to con- 

ber, where the reaction rate is specified in terms of the flu, 
duction for the product layer is given by the Damkohler num- 

4 (kmol/s): TrefkB 4 P R ~  

( -AH14 1 
(A71 

Because 4 is not known, it is difficult to evaluate Eq. A7. 
However, we can calculate the time required for full conver- 

L f k P  477e  ' sion of the precursor core to product, tlm, for a given Da,. 
This time is 

- Da, = 

( ~ 5 )  
( - A H ) ( b  ( R , - R , )  

Da, = 

In order to compare temperature gradients in the product 
shell to gradients in the precursor core, we can write: 

(A6) For a Ti particle size of 1 pm, using the properties contained 
in Table 3, and Da, = 0.1, t , ,  is of the order s. For a 
100 ym particle size, tIoo is approximately lo-' s. These val- 
ues are unrealistically small (cf. Rode and Hlavacek, 1994). If the Biot and Damkohler numbers are smaller than 0.1 in 

both the precursor core and product shell, we can safely ig- 
nore temperature gradients and consider the entire particle 
to be isothermal. Each particle is contained within an ensem- 
ble of particles in a porous bed. Under these conditions (Kunii 
and Suzuki, 1967), and for a particle size in the range of 1 to 
100 pm, the Biot number will be smaller than 0.1. Thus we 
can safely ignore temperature gradients in the particle due to 
heat losses to the surroundings. 

It is more difficult to quantify the Damkohler number be- 
cause the reaction rate, +, is often not known precisely. An 

Thus Da, would have to be smaller than 0.1 to obtain realis- 
tic values for tlm. 

This means that no significant temperature gradients would 
result from either heat exchange to the surroundings or heat 
effects due to chemical reaction. Thus we can lump the tem- 
perature throughout the particle and take the particle to be 
isothermal. The particle temperature still remains a function 
of time. 
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